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Abstract 

We explain the relationship between ai • • • a q (standard cohomology 
product) and (cn ■ • ■ a q ) (mobile intersection product) of pseudo-effective 
classes ai, . . . ,a q on a compact Kahler manifold. We also show how to 
use this relationship for proving some holomorphic Morse inequalities. 
Then we prove a result concerning the direct image of Lelong numbers 
under a modification in dimension 3, deriving a continuity property for 
the Lelong numbers of the wedge of (1, 1)— currents. 

Introduction 

Since the work of O. Zariski Zar62] the study of the ring 
R(X,D) :=Q)H a (X,0(kD)), 

k>0 

where D is an effective divisor on a projective surface X, became very 
important. 

In particular the main result is that any Q-di visor D on a projective surface X 

can be decomposed into a sum D = P + N where P is a nef Q-di visor, 

N = Y^, a jDj is an effective Q-divisor such that (Di ■ Dj) is negative definite, 

and P is orthogonal to N with respect to the intersection form. Then Zariski 

showed that H°(kP) ^ H°(kD) is an isomorphism in that case. 

Using the metrics with minimal singularities on a pseudo-effective line bundle 

L introduced by J. -P. Demailly, S. Boucksom [Bou04 defines the divisorial 

Zariski decomposition of a pseudo-effective class a = (a) + N(a) where ./V(a) 

is an effective R-divisor which is "exceptional" in some sense. 

In this work we are going to study the relationship between the product a 1 

and (a 1 ) with respect the non-nef locus of a E nn (a) as defined in ([Bou04 ), 

where (a 1 ) is the mobile intersection product introduced in ( [BDPP12] ). Let £ 

be the cone of pseudo-effective classes, we can prove 
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Proposition 1 Let (X, uf) be a compact complex K'ahler manifold of complex 
dimension n and let a%, . . . , a q G £ such that 
cod{E nn (a 1 ) U • • • U E nn (a q )) = m. 

Then if s < m and j\ < ji < • • • < j s £ {1, • • • , q} we have 

a 3l ■ -- a js = ( a h ■■■ a 3s) (!) 

In particular when a — a\ — ■ ■ ■ = a q and cod(E nn (a)) = q then 

at = (a j ) = (a j ) Vj = 1, 1. (2) 

Furthermore we can study the extremal case of Proposition above, and 
introducing for < q < n the cone 

M q :={ae£: dim(£ lm (a)) < n - q}, 

then we have the following 

Proposition 2 M q C £ is a closed convex cone. 
Moreover one has 

Proposition 3 E nn (a) doesn't have irreducible components of dimension zero. 
Thus we can prove the following 

Theorem 1 Let X be a compact K'ahler manifold and be a±, . . . ,a q 6 M. q . 

i 

Let {Yh}heH the family of codimension q components of (^| E nn (a.j). Then we 
have the following decomposition: 

i) ai ■ ■ -a q = (ai ■ ■ ■ a q ) + | ^] v(ai ■ ■ ■ a q ,Y h )[Y h ] I , v{a x ■ ■ ■ a q ,Y h ) > 

[heH J 

where v{a\ ■ ■ ■ a q , Yh) are the multiplicities of ct\ ■ ■ ■ ot q (see Definition 
\1.16}) . and the set H is at most countable; 

ii) if aj € int(M q ) for 1 < j < q, then the set H is finite and 

v(otx ■ ■ ■ a q ,Y h ) = u(T mint0tl A • • • A T min ^ , Y h ) for all h e H. where T min ^ 
is a positive current with minimal singularities in aj . 

As an immediate consequence of Theorem 1 we have 

Corollary 1 If a € int(M. q ) then v{T^ in ,Y) = for every irreducible 
analytic set of codimension q not completely contained in E nn (a). 

We can give a partial converse of this Theorem (|1.6I (ii)) 

Proposition 4 Let (X, uj) be a compact K'ahler manifold of complex 
dimension n, and let a G £. Then a G M q+1 if and only if a 1 = (a J ) for all 
j = !,■■■, q- 

In particular a is nef if and only if a 3 = (a 3 ) for all j = 1, . . . , n — 1. 
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Then we focused our attention to the Holomorphic Morse Inequalities, a 
theory initiated by J.-P Demailly in the '80's. 

Let's suppose we have an hermitian line bundle L over a compact Kahler 
manifold and we want to study the asymptotic behavior (for k — > +00) of the 
partial alternating sum of h q {X, kL); the complete sum is simply the Euler 
characteristic. In general the behavior is controlled by an estimate involving 
the integral of the top wedge power of the Chern curvature of L, extended over 
suitable subsets of X. One difficulty in the application of these inequalities is 
that the curvature integral is in general quite uneasy to compute, it is neither 
a topological nor an algebraic invariant. However a special case of the Morse 
inequalities can be reformulated in a more algebraic setting in which only 
algebraic invariants are involved, see e.g. |Tra95j . |Siu93j . 
Now by using the decomposition 



{h=l 



ai ■ ■ ■ a q - (ai ■ ■ ■ a q ) = I } v{a. x ■ ■ ■ a g ,Y h )[Y h 



we can prove 

Theorem 2 Let X be a compact projective manifold of complex dimension n. 
Let L and F be two line bundles over X with L nef and F £ A4 S with 
dim(E nn (F)) = n — s. Let {Y t }t<£T be the irreducible components (possibly 
infinite) of codimension s of E nn (a), and let v t and v t be the multiplicities of 
F s and the multiplicity of F along Y t respectively. Then we have the following 
strong Morse inequalities 

^-ly-'h^XML-F)) < ^V-i)-ii»-i(^)+ 
j=o ' j=o 

+ OO 



^r)(L+ v ' t {u}r- s MYt])+o(k n ). 



And as a consequence we have 

Corollary 2 Let X be a compact projective manifold of complex dimension n. 
Let L and F be two line bundles over X with L nef and F S M. s with 
dim(E nn (F)) = n — s. Then we have the following Morse inequalities 

s 

J2(-iy-*h j (X,k(L-F))< 



3=0 XJ 



(L + b{u}) n - s {F s - (F s )) + o(k n ), 



where b :— max v*. 



In the last Section we restrict to the dimension 3 case and we prove the 
following result about the direct image of Lelong numbers under a 
modification, 
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Theorem 3 Let X be a complex compact manifold with 
dimc(^f) = 3. Let ft : X ^ X be a modification of X and Q is a smooth, 
positive form on X of bidimension 1. Then i/(/t*(0), V) = W irreducible 
curve on X , where v is the generic Lelong number. 

Thus we can prove the following continuity property for Lelong numbers 
Propositions Let a, (3 £ int(.M 2 ). Then 

lim v(T k<a A T k ,p,x) = v(T m /3,x) V x e x, 

k— f +oc 

where {Tfc,a} and {Ifc i( g} are sequences of currents with analytic singularities 
obtained in Wem9^ which converge weakly to T m i n . a and T m i nt p respectively. 

Acknowledgements 
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1 Decomposition(s) in H > , (X) 

We need two basic types of regularizations (inside a fixed cohomology class) 
for (1, 1)— current, both due to J. -P. Demailly |Dem92j 

Theorem 1.1 Let T = a + iddip be a closed almost positive (1, 1) — current on 
a compact complex manifold X and fix an Hermitian form uj. Suppose that 
T > 7 for some smooth real (1, l)—form 7 on X . Then: 

i) There exists a sequence of smooth forms 9k in {T} (cohomology class of T) 
which converges weakly to T and such that Ok > 7 — CA^o; where C is a 
constant depending on the curvature of (Tx,w) only, and Xk is a decreasing 
sequence of continuous functions such that Xk(x) — > u(T,x) for every i£l 

ii) There exists a sequence Tk = a + iddipk of closed currents such that: 

• (pk ( and thus Tk) is smooth on the complement X \ Zk of an analytic set 
Zk such that there is an increasing sequence 

Z C Zx C • • • C X. 

• There is a uniform estimate Tk > 7 — Sk<^> with lim l Sk = as k tends to 
+00. 

• The sequence (ipk) is non increasing, and we have lim 4. fk = <P- As a 
consequence, Tk — T. 

• Near Zk, the potential (fk has logarithmic poles, namely, for every 
xq 6 Zk, there is a neighborhood U of xo such that 

tfk(z) = Xk logX); l$fc-i| 2 + 0(1) f or suitable holomorphic functions (gk,i) 
on U and Xk > 0. Moreover, there is a (global) proper modification 
fik '■ Xk — > X of X , obtained as a sequence of blow-ups with smooth 
centers, such that ifk ° fik can be written locally on Xk as 

ipk ° Mfc(w) = X k (^ntlgtl 2 + f(w)\ 

where (gi — 0) are local generators of suitable (global) divisor D\ on Xk 
such that ^2 Di has normal crossings, m are positive integers and the f 's 
are smooth functions on Xk- 

It is important to observe that such are obtained blowing up along the 
multiplier ideal sheaves I(k(p) defined as 

I(M* := {/ G O n , x : £ L] oc } 

where f2 C X is open. 



5 



Following Bou04 , when a G £ one can introduce a measure of nefness of a. 
Let ipi , ip2 be almost plurisubharmonic functions on X we say that ip± is less 
singular than ip2 (and write ipi ^ V'2) if < V'l + C f°r some constant C. 
When 5i and S*2 are closed almost positive (l,l)-currents on X, we can 
compare their singularities by comparing those of their local potentials "01, V^- 
For each e > let T m i n _ E be a current with minimal singularities in a[— euj] 
which is the set of closed almost positive (l,l)-currents T lying in a with 
T > -eu. 

Definition 1.2 The minimal multiplicity at x G X of the pseudo- effective 
class a is defined as 

v(a,x) = sup u(T min>s ,x). 

e>0 

When D is a prime divisor, we define the generic minimal multiplicity of a 
along D as 

v(a,D) = inf {z^(a, x), x G D}. 
We then have v(a,D) = sup v(T m i n ^ e , D), and v(a,D) = v(a,x) for the very 

£>0 

general x G D. 

One can give the following 

Definition 1.3 The non-nef locus of a pseudo- effective class a is defined by 

E nn (a) ■= {x G X, v(a,x) > 0}. 

Remark 1.4 Let a be a pseudo- effective cohomology class and be e small 
positive rational number. Let 's fix a smooth hermitian form u on X so that 
T m in,e + slj is a positive current representing a + euj. Then 
T m in,e + £w ^ T m i nta+eu where T m i n ^ a+eul is a positive current with minimal 
singularities in a + ecu . On the other hand T rn i nta+£tJ j — ecu is a current 
representing a such that T m i n , a+eu] — euj > —eu> then T m i n ^ a+£U] — euj X T m j nj£ . 
Hence we infer that T m i n ^ £ + euj is a positive current with minimal 
singularities representing a + euj. 

Now let X be a compact Kahler manifold and let Y C X be an analytic set of 
dimension p and let a±, . . . ,a p G H 1:1 (X, R) be pseudo-effective classes. Then 

one can define a "positive" number of intersection [a-y a p ■ Y)>o which 

intuitively should be equal to the usual intersection number (/3j f3 p ■ Y), 

where fii is the nef part of on in its Zariski decomposition. But in general the 
Zariski decomposition does not exist, however using the currents with analytic 
singularities, one can solve the problem. More generally one can consider a 
closed positive current 8 instead of Y, then one can give the following 

Definition 1.5 QBou04]) The mobile intersection number 
(a>i a p ■ 0)>o of a>i 's and 9 is defined as 

inf ^sup J (Ti + euj) A ■ • • A {T p + euj) A , 

where Ti G on[— euj] are currents with analytic singularities and F is the union 
of its unbounded-loci. 
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Let's observe that the integrals in the definition above are all convergent and 
the supremum is finite because the integrals can be bounded in terms only of 
cohomology classes of currents, moreover the definition does not depend on the 
choice of the Kahler form to. Finally the supremum increases with e so that the 
limit exist and it is equal to the infimum for e > 0. Then by duality we have 

Theorem 1.6 ( |BDPP12| ) Let X be a compact Kahler manifold. We 
denote here by H > ' (X) the cone of cohomology classes of type (k, k) which 
have non-negative intersection with all closed semi-positive smooth forms of 
bidegree (n — k,n — k). 

(i) For each k = 1, . . . , n, there exists a canonical 
mobile intersection product 

£ x ••■ x £ -» H^(X), (ai, . ..,ak)-> («i ■ a 2 ---a k ) 

(ii) The product is increasing, homogeneous of degree 1 and superadditive in 
each argument, i.e. 

(«!••• (aij +a J )---a k ) > (ax ■ ■ ■ a } ■ ■ ■ a k ) + (ax ■ ■ ■ otj ■ --ak). 

It coincides with the ordinary intersection product when the otj are nef classes. 

Remark 1.7 Let us note that by construction (a\ ■ ■ ■ a p ) ■ u = (ax ■ ■ ■ a p ■ u)>o 
for all closed semi-positive forms u. 

Now using the definition of non-pluripolar product (ux ■ ■ ■ u p ) ([BEGZ10 ) for 
Ux, ■ ■ ■ , Up psh-function on an open set of X (here X is a compact complex 
manifold), one can define a cohomology class (ax ■ ■ ■ a p ) £ H P ' P (X, M) as 
follows 

Definition 1.8 Let ax, ■ - .,a p € H 11 (X, K) be big cohomology classes and let 
Tmin,i € ai be a positive current with minimal singularities. Then the 
cohomology class of the non-pluripolar product ^T m in,\ A • • • A T m i n _ p ) is 
indipendent of the choice ofT m i n i € ai with minimal singularities. It will be 
denoted by 

(ax-.-Op) eH p ' p (X,R) 

and called the non — pluripolar product of the aj. If ax, . . . , a p G £ one 

sets 

(ax-- - a p ) — lim((o!i + eft) ■ ■ ■ (a p + ej$)) 

where /3 is an arbitrary Kahler class, using the continuity of the non-pluripolar 
product. 

Now on a compact Kahler manifold there exist two possible products (different 
a priori) : the mobile intersection product and the positive product of 
pseudo-effective cohomology classes; actually, as it is remarked in BEGZ10 
with no proof, these products are equal. For the reader convenience we give a 
proof of the following well-known 

Lemma 1.9 Let T be any closed positive (p,p)- current on X compact complex 
Kahler manifold. Then the Lelong number v(T,x) of T can be bounded by a 
constant depending only on the dd— cohomology class ofT. 
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Proof. Let w be a Kahler form on X, one has by definition that i/(T, x) is (up 
to a constant depending on ui near x) the limit for r — > + of 



(irr 2 ) 



B(x,r) 



known to be an increasing function of r. Thus if we choose ro small enough to 
ensure that each ball B(x,ro) is contained in a coordinate chart, we get 
v(T, x) < v(T, x, ro) < C j x T A u) n ~ p , a quantity depending only on the 
cohomology class of T. □ 

Proposition 1.10 Let X be a compact Kahler manifold and let 
ax, . . . ,a p £ H ' (X, M) be pseudo-effective classes. Then 

(cti ■■■a p ) = (ai ■ --ctp). (3) 

Proof. To keep notations simple we assume a = ot\ = ■ ■ ■ = a p . Let's suppose 
first that a is big. By remark f| L . T[) this is equivalent to showing that: 

(a p -u) >0 = / (TL,i) Au 
Jx 

for all closed semi-positive smooth forms u of bidegree n — p, where T m i n is a 
positive current with minimal singularities in a. Let G a[— £fcw] be a 
sequence of currents with analytic singularities such that Tk T m i n . Set 
Sk '■= (1 — £k)Tk + £kS where S is a Kahler current with analytic singularities 
such that E + (S) = E n K(a), where 



E nK (a) := p| E+(T) 



T>eu),T£a 



is the non-Kahler locus of a as in |Bou04j and 

E+(S) = U c>0 {^ G X : i/(S,a:) > c}. Then - (T^ in ) on X from which 



we infer 



and letting k — > +oo 



S p k Au< {a p -u) >0 

X\F k 



(T^ n )Au<(a p -u) >0 . 

x 

But by the proof of theorem (jl.6[) we can find a sequence of Kahler currents 
Rk 6 a with analytic singularities such that 

RP A u ( a P . U ) >Q 

X\G k 

where Gk is the unbounded-locus of Rk- Then we find that 

Rl^u< [ (TlJ An 

X\G k JX 

and letting k —> +oo we find the other inequality. 

If a%, . . . , a p are merely pseudo-effective since (ai • • • a p ) and (ai ■ ■ ■ a p ) 
depend continuously on the p-tuple a\, . . . , a p of big classes the statement 
holds. □ 
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Now let a G H 11 (X 7 R) be a pseudo-effective class, we want to study the 
relation between a? (the standard product in cohomology) and (a p ) = (a p ) 
when the codimension of E nn (a) > p. In general we have 

Proposition 1.11 Let ai, . . . ,a q be pseudo- effective classes on compact 
complex Kahler manifold (X, uj) of complex dimension n, such that 
cod(E nn (ai) U • • • U E nn (a q )) = m for all Si < ■ ■ ■ < St € {1, . . . , q}. Then 

a si ■■■OL St = (a Sl ■ ■ -a St ) (4) 

for all t < m. 

In particular when a — ct\ = ■ ■ ■ = a q and cod(E nn (a)) — q then 

cP = (a j ) = (a j ) Vj = 1, . . . , q - 1. (5) 

Proof. Let {Tfc Si } G a Si be a sequence of currents with analytic singularities 
as in Theorem (jl.ip such that Tk, Si T m in,si for i = 1, . . . , t, where 
T m in, St £ ct Si is a current with minimal singularities with local potentials 
fmin^i ■ Let's define for all i = 1, . . . , t 

Sk,Si '■= Tk.si + £k,Si<^ > 

and let fit '■ — > X a common log-resolution for Sfc jSi obtained by blowing-up 
along V = V(l(k(pmin, si )) U ••• U V(l(kip min>St )), such that for all i = 1, . . . , t 

^*k^k, Si = [Ek,Si\ + Pk,Si 

where j3k, Si > and smooth. Then 

S ktS1 A • • • A S ktSt - (fJ, k )*(/3k, Sl A • • • A pk, St ) = on X\ V, 
and by using the support theorem for currents we get 

+oo 

S k , Sl A • • • A Sk, Si - (Hk)*{/3k,s 1 A • • • A /3k, St ) = ^ ^hA A h,k] 

h=l 

where [Ah,k] are the irreducible components of codimension t in V, but 

V Q Ui=l E rm{0t Si ) thus 

S k , Sl A • • • A S k , st = {tik)*{Pk, Sl A • • • A p k , St ) on X. 

So we can write the last equality as follows 

T k , st A • • • A T k , st + 0{e k ) = (A*fc)*G8*,. 1 A • • • A p k , St ) (6) 

thanks to uniform control of the mass by cohomology classes. Passing in 
cohomology in ([6]) and letting k to +oo, the statement holds. □ 

Now we want to study the extremal case of Proposition i.e. one can 

consider the difference a.\ ■ ■ ■ a g — (a\ ■ ■ ■ a q ). The case q = 1 is given by 
|Bou04] . We define for every < q < n 

M q := {a G £ : dim(E nn (a)) <n-q}, 

then we have the following 
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Proposition 1.12 Ai q is a convex closed cone of £ for all q = 0, . . . , n. 

Proof. M. q is convex as it follows from the convexity of the map 8 — > R, 

a — s- v{a, x). Now let a be in the closure of A4 q , for e > small enough a + euj 

is in the interior of Ai q . By using Remark (jl.4[) one has that 

E nn (a) = [J E nn (a + eu) 

£>0 : eeQ 

thus dim(£' n „(a)) < n — q then M. q is closed. 

Finally we observe that for q = 0,1 M. q = £, while for q — n Ad n = M the 
cone of nef classes. □ 



As a consequence of the definition of non-pluripolar product one has 

Corollary 1.13 IfT±, . . . ,T q are closed positive (1, 1) — currents such that 
the union F of their unbounded locus is contained in an analytic set Y of pure 
dimension n — q. Then 

v((T 1 A---AT q ),Z)=0 (7) 
for all irreducible components Z of dimension n — q in Y . 
Proof. Let's consider the Siu decomposition of 

(Tx A • • ■ A T q ) = R + J2 h v (( T i A • • ■ A T q ), Z h )[Z h ] then Z h C Y and we find 
that xx-y{T\ A • • • A T q ) — xx-yR, then the extension by zero of 
Xx-y (Ti A • ■ • A T q ) on Y is (Ti A • • • A T q ) then R > {T x A • • • A T q ) and since 
v{R, Z) — for every analytic set of dimension n — q we infer the statement. □ 

Proposition 1.14 Let Tj, Tj be positive closed currents for j = 1, . . . , q with 
Tj ^ T , such that T\ A • • • A T q and T x A • • • A T q are defined. Then 

i/(Ti A • • • A T q , x) < v{T x A ■ • • A T q , x) (8) 

for all x G X. 

In particular ifT rn i n j and T min ^ are currents with minimal singularities in aj 
then v{T m i nt i A • • • A T m j„ i9 , x) does not depend in the chosen currents with 
minimal singularities. 

Proof. We can choose local coordinates z = (z\, ■ ■ ■ , z n ) centered in x. Let 
Vj < and Uj < be the local potentials for Tj and Tj respectively, then 
Vj + Cj > Uj for some constants Cj > 0. Let's define 

• Vj :— Vj + A log \z\ 

• Uj := Uj + A log \z\ 
for A > 0. Thus we find 

Vj + Cj > Uj 

then dividing by Uj and passing to the lim sup we get 

Vj (z) 

lim sup 4^4 < 1. (9) 
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Applying ( Dcm93 , Theorem 5.9) we find 

9 9 

v{f\ dd c v^x) <v( f\ dd c u'j,x). (10) 

3=1 3=1 

In the calculation of the left-side hand in ([TO]) we get a polynomial p(\) whose 
constant term ao is just g-times the wedge product of dd c Vj, while for the 
right-side hand we get a polynomial g(A) whose constant term bo is just 
g-times the wedge product of dd c Uj. Then letting A — > equation ([5]) holds. □ 

Remark 1.15 If ot\, , . . ,a q G hA q with then fti = on + ecu are in the int(A4 q ) 
for all 1 < i < q. 

If0<e' < e then T mintCtj+eui ^ T min ^ aj+e > u + (e - e)w then by Proposition 
\1. 11$ ^(Aj=i T m in taj + euJl x) increases when e — >• for all x G X and it is 
bounded in terms of ct\ ■ ■ ■ a q ■ {uj}. 

Then we can give the following 

Definition 1.16 The "multiplicity" of a±, . . . ,a q at x G X is defined as 

i 

v{ai ■ ■•ct q ,x) := supi/( A T min<aj+sui ,x) (11) 
*>° Pi 

and we define v(ot\ ■ ■ ■ a q , Y) = inf {v(a\ ■ ■ ■ a q , x), x G Y}. 

Proposition 1.17 If a±, . . . ,a q are in the interior of A4 q . Then 

is^oti • • • oi qi x) — v(T rn i n ai A • • • A T^jh q^ , x), 

where T m i n ^ ai is a positive current with minimal singularities in on. 

Proof. It is clear that v(ai ■ ■ ■ a q ,x) < v(T m i niCtl A • • • A T m i nt0tq ,x). For the 
other inequality let Sj G aj be a Kahler current such that Sj > uj and let 
T m in,e.j be a minimal current in ay[— euS\. Then by remark (jl.4p we have that 

v(\Sj + (1 - X)T mirit£jl x) = v(\Sj + (1 - X)(T ml7haj+£UJ - su)),x) 

where the current Kj = XSj + (1 — \){T m i n ,a j +suj ~ £uj) > is a positive 
current representing aj, with A = By using Proposition f| 1 . 14[) we infer 
that 

v(Ki A ••• A K q ,x) > v(T min<OL1 A ■ • • A T min , aql x). 

Now by using the uniform bound of mass in terms of cohomology classes and 
letting e — >• (hence A — > 0), we obtain the other inequality. 

□ 

Before proving Theorem 1, we recall that 
Lemma 1.18 If ct\, . . . , a q are in Ai q then 

9 9 9 

(J n E nK ( aj + eu) = p| |J E nK (aj + eu) = f] E nn ( aj ). (12) 

e>0,EGQj'=l j = le>0,eGQ j=l 
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Proof. For e > a>j + euj G mt(A4 q ) (interior of A4 q ) for all j = 1, . . . , q, in 
particular ctj + |w G mt(M q ). Let {Tfcj} G a.,- + |w be a sequence of currents 
with analytic singularities as in Theorem (jl.ll) such that T^j — 1 T m i n>aj+ e u 
where T m in,aj + ^u is a positive current with minimal singularities in aj + %u>. 
Now for k » Tfc j + |w are Kahler currents with analytic singularities, 
representing (as currents) oij + euj, then we have the following inclusions 

E E 

E nn {aj + euj) C E nK (aj + euj) C E + (T kJ + -uj) C E nn (aj + -uj) (13) 
thus it follows 

E nn {a j )= (J Brffaj+ew). (14) 

e>0 : eSQ 

Now thanks to (fT4]) the equality (fT2|) is equivalent to the following 

(J f|^,K(a,-+ew)= f| (J E„n(aj+£w). (15) 

£>0,£eQj = l j'=le>0,eeQ 

Let's define A and £? the left-hand side and the right-hand side of (fTS")) . 
Now if a; G A => 3e > such that Vj = 1, . . . , q, x G Hj=i E n K{otj + equj) but 
EnK (a j + £ou) C E nn (aj + ^uj) Vj = 1, . . . , g thanks to ([13]). Then 
35 e U e >o E ml (a 3 + euj) Vj = 1, . . . , t?, i.e. x E B. 

Viceversa if a; G i? then there exist £i, . . . , e 9 > such that a; G E nn (aj + EjUi) 
for j = 1, . . . ,q. Let e = min., £j then again thanks to (JT^J) we have 

E nn (ctj + EjUj) C E nn (otj + euj) C E nK (ctj + euj). 

It follows that x G E n k(a>j + euj) for all j = 1, . . . , <? then a; G A □ 

Using the previous Lemma we give a proof of the following well-known 

Proposition 1.19 The set E nn (a) does not have irreducible components of 
dimension zero if a G £. 

Proof. Let x G E nn (a) be an irreducible zero dimensional component. By 
Lemma (|1.18[) we have 

E nn (a) = (J E nK (a + £uj) 
s>a,seQ 

then x is an isolated point in E n K{ct + euj) for all e > rational since 
E n K (a + ew) are analytic sets. Now let {Tfe} G a be a sequence of currents 
with analytic singularities as in Theorem (jl.ip such that Tk T m i n weakly 
where T m i n is a positive current with minimal singularities in a. Then for 
k >> Tfc + euj are Kahler currents with analytic singularities only in x 
representing a + eu> (as currents) ; hence by the gluing property of 
plurisubharmonic functions we can find new Kahler currents Sk + euj still 
representing a + euj as currents, but with v(Sk + euj, x) = 0, a contradiction. □ 



12 



Now we can prove 

Theorem 1.20 Let X be a compact Kahler manifold and be a±, . . . , a q € M. q . 

Let {Yh}heH the family of codimension q components of the set |~)j=i E nn (otj). 
Then we have the following decomposition: 

i) ax ■ ■ -a q = (a% ■ ■ -a q ) + < v{a x ■ ■ ■ a q , Y h )[Y h ] > , with 

IheH J 

v(ai ■ ■ ■ a q , Yu) > V7i € H; 

ii) if ctj G int(A4 q ) for 1 < j < q, then the set H is finite and 
v{ai ■ ■■a q ,Y h ) = v{T min , ai A • • • A T min ^ aq ,Y h ) for all h e H. 

Proof, ii) By the proof of Lemma (I1.18[) for e > small enough 

ctj — euj G mt(A4 q ) and let {Tkj} £ ctj — suj be a sequence of currents with 

analytic singularities as in Theorem (jl.lj) such that T^.j — T m i n ^ aj - £U then 

i/(T fcj +euj,x) = u(T ktj ,x) < v{T min>aj - eU} ,x) 

But ctj — slu is still in mt(Ad q ) thus E + (Tk.j + eu) is an analytic set of 
dimension < n — q so the set of components of dimension n — q of E nn (ctj) and 
of E n K{otj) is finite . Let T m i nj be a positive current with minimal 




Hausdorff dimension), then T :— T TO i„.i A • • • A T m i n , q is well defined on X 
according to f |Dem92] ) and by Proposition (|1.17[) 

y(ai • • • a g , ac) = v(T m i rh i A • • • A T m i n ^ q , x) for all Let's consider the 

9 

positive current T — (T) : this difference is identically zero outside E n K {ctj ) 

3 

and by the support theorem of positive currents it follows: 

t 

T-(T) = Y J UYs] 

s=l 

9 

where Y s are the irreducible components of codimension q of E n K{ctj) and 

j 

A s > 0. Now by Corollary ([L"T5|t 

t 

is the Siu decomposition of T. Now if Y So is contained in f]j=i E nn {a.j) then 
by |Dem93j 

9 

^(^min^l A • • • A T m i nq7 Y SQ ) ^ J^J L / (T m { n j , Xso) 0' 

3=1 

On the other hand let F s C (Jj=i E n K{ctj) be an irreducible component of 
codimension g not entirely contained in Hj=i E nn (ctj). Then by Lemma fl 1 . 18|) 
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there exists jo such that for all e > Y s is not entirely contained in 
U E >o egq EnK(otj + ecu). It is not restrictive to suppose jo = 1 then the local 
potential (p m in,i of T m j, njCei+su is locally bounded in a neighborhood of a 
generic point x 6 Y s . 

Let B — B(x, r) be an open ball of center x and radius r > small enough 
such that B is contained in a coordinate patch with local coordinates 
z = (zi, . . . , z n ); set /3 = dd c \z\ 2 and S = f\ q i=2 dd c (f m i n ,i- Let x be a smooth 
function with compact support in B such that < x < 1. Then 

X dd c ^ mmA ASA (3 n ~ q = / yw,! • S A dd c X A /3 11 " 9 
b Jb 

where the equality is obtained integrating by parts and using that S and /3 are 
closed. 

By using Chern-Levine-Nirenberg inequalities ■: DeniiKi . Proposition 1.3), we 
get 

/ <p min .i ■SAdd c X Af3 n -' 1 < Vo\(B)\\S\\ x C 
Jb 

where C is the product of the bound for the coefficients of the smooth form 
dd c \ A (3 n ~~ q and of the bound for ip m in,i, Vol(-B) is the volume of B and 
1 1 5 1 1 x is the mass of the current S that can be bounded in terms of 
Q!2 • • • OL q ■ {oj}. Using the fact that Vol(£>) ~ r 2n and that 

v(dd c (p min ,i A S, x) = lim 1 / dd c tp mmA ASA f3 n ~ q 

MO 2^ n ~1'r z{ - n 1i J B(x.r) 

we can infer that v(T, Y s ) =0. Then in equation Yh are actually 

irreducible components of codimension q of H|=i Enn(ctj)- 

Then passing in cohomology and letting e — > the statement holds. 

To prove i) it is sufficient to observe that aj + eu; G M q for 1 < j < q, 

applying ii) to aj + euj take the limit as e — » and using Lemma (JTTT5J). □ 

Let's observe that if one of a,'s is big but it is on the boundary of AA q 1 it may 
be not true that the number of irreducible components of codimension q of 
E n n{oii) is finite. Since it could happen that E n K{cti) have irreducible 
components of codimension q — 1, hence an infinite number of components of 
codimension q of E nn (ai) could be contained in one of these components. 
An immediate consequence of Theorem (|1.20|) is the following 

Corollary 1.21 If a E int(A / f <? ) then u(T^ in) Y) — for every irreducible 
analytic set of codimension q not completely contained in E nn (a). 

Another consequence of Theorem (|1.20[) is a partial converse of Theorem 
(ii)) 

Proposition 1.22 Let (X,uj) be a compact Kahler manifold of complex 
dimension n.Then: 

a € M. q if and only if a 3 — (a 3 ) for all 1 < j < q — 1. 

In particular, a is nef if and only if a 3 = (a J ) for all 1 < j < n — 1. 
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Proof. If a g .A/! 9 by Proposition (ll.llj) = (a j ) for all 1 < j < q. 
To prove the vice versa we go by induction on q. 

For q = 2, the statement follows from [Bou04 . Assume now the statement for 
a given q and let a? = {op) for 1 < j < q + 1, then by induction we know that 
a g M q+1 , the by Theorem (fl~20|) we know that cod(£; m (a)) > q + 2, i.e. 
a g X 9+2 . 

The last statement follows from Proposition (|1.19l) . □ 



2 Algebraic Morse inequalities in codimension 

"s" 

Let X be a compact Kahler manifold, a holomorphic vector bundle of rank 
r and L a line bundle over X. If L is equipped with a smooth metric of 
curvature form 0(L), one defines the s— index set of L to be the open subset 

„, rS f . s negative eigenvalues | 

[ n — s positive eigenvalues j 

for < s < n = dimc(X). Hence X admits a partition X = A U (J A(s, L) 
where A = {x G X : det(0(L) K ) = 0}. One also introduces 

X(<s,L)= [j X{j,L). 

0<j<s 

It is shown in |Dem85j that the cohomology groups H S (X, E ® O(kL)) satisfy 
the following asymptotic weak Morse inequalities as k — > +oc 

h s {X,E®0{kL))<r^- f (-iy(±Q( L )Y + o(k n ). (17) 

n - Jx(s,L) V 27r / 

A sharper form is given by the strong Morse inequalities 

s j n p / ' \ ^ 

^(-l)^'^(A,£;®0(fci)) <r- / f +o(k n ). (18) 

One difficulty in the application of these inequalities is that the curvature 
integral is in general quite uneasy to compute, it is neither a topological nor 
an algebraic invariant. However a special case of the Morse inequalities can be 
reformulated in a more algebraic setting in which only algebraic invariants are 
involved, se e.g. |Tra95) . |Siu93j . 
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Here we give an algebraic reformulation for the Holomorphic Morse 
inequalities proved by J. -P. Dcmailly ([Dcm85 ) in a more general setting. 



Theorem 2.1 ([DemOO]) Let V = L — F be a holomorphic line bundle over 
a compact K'ahler manifold X , where L and F are nef line bundle. Then for 
every s = 0, . . . , n, there is an asymptotic strong Morse inequality 



E (1)' 



k n 

{-iy~ j h j (x,kv) < — (-iy^ 3 ( + o(* n ). 

0<j<s ' 0<j<s 



If F is not nef but it is just pseudo-effective with codim(E nn (F)) < s + 1, then 

Theorem 2.2 ( [Trail] ) Let L and F be holomorphic line bundle over X a 
projective compact manifold, with L nef and F € £ such that 
dim(E nn (F)) < n — (s + 1). Then for < m < s we have the following 
holomorphic Morse inequalities 

Y, (-l) m - j h j (X,k(L-F))<^ (-l) m - j ( n ^\L n - j F j +o(k n ) (19) 

0<j<m ' 0<j<m ^ ' 

However, when s = 1 there is a version of the algebraic Morse inequalities 
which uses the full divisorial Zariski decomposition of F 

Theorem 2.3 ( [Trail] ) Let L and F be line bundles over X , assume L nef 
and F pseudo-effective, let F — (F) + {N(F)} be the divisorial Zariski 
decomposition of F with N({F}) = Y]j—i v{F, Dj)[Dj], and let {u} be a nef 
cohomology class in H 2 (X,M) such that c\(Ot x {^)) + tt*{u} is a nef 
cohomology class in H 2 (¥(T^), R). Then 

I n 
limsup -^h°(X,k(L-F)) > L n -nL n - 1 (F)-nJ2(L+v{F 7 D J ){u}) n - 1 v(F,D j )[D j ] 

k^+oo k 

(20) 

We can also treat the extremal case, i.e. when the codimension of E nn (F) = s. 
We give two formulations. 

Theorem 2.4 (First Formulation) Let X be a compact projective manifold 
of complex dimension n. Let L and F be two line bundles over X with L nef 
and F G M s with dim(E nn (F)) = n — s. Let {Y t }teT be the irreducible 
components (possibly infinite) of codimension s of E nn (F), and let v t and v t be 
the multiplicities of F s and the multiplicity of F along Y t respectively. Then 
we have the following Morse inequalities 



J2(-iy-*v(x,k(L-F)) < ( n )(-iy-iL n -i(F 

3=0 • 3=0 ^ ] 



+oo / 

e : 

*=i y 



(L + v t {u}) n - s v t [Y t ]) + o(k n ). (21) 
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Proof. We first assume L to be ample and F € mt(A4 s ) . Since F € int(.A4 s ), 
in particular F is big, then if T m i n S c±(F) is a current with minimal 
singularities then we have v (ci(F),x) — v (T m i n ,x) for all x £ X. We recall 
that there is a finite number of Yj 's thanks to Theorem (jl.20l) . Set 
< i/j < • • • < v h , where v x is the minimum of positive and so on. Let's 
choose Ci real positive numbers such that 

< c < v x < ci < v 2 < ■ ■ ■ < v h-i < °h-i < v h < c h < v := max(v(T min ,x))+l. 

(22) 

Choose a positive closed (1, 1)— form oj which is the curvature of a smooth 
metric on the ample line bundle L. Now by Theorem we know that there 
exist a sequence of closed smooth forms T k in the cohomology class of c\(F), a 
decreasing sequence of positive functions \ k (x), and a decreasing sequence of 
positive real numbers e k , with the following properties 

• \ k {x) converges to v{T m i ni x) for all i£l, 

• e k converges to 0, 

• Tfe > -\ k u - 2e k uj. 

Let c be a positive real number, then one can defines 

Qk,c — {x e X : Afe(x) < c}, u fc , c = 2e k + cu and w kjC = v k ^ c + u. Then on 
flk, c the forms T k + v ktC and w k>c are positive. Now uj — T k is the curvature of 
smooth metric on L — F. Let ot\ < ■ ■ ■ a n be the eigenvalues of u) — T k with 
respect to w kyC , so that aj < 1 for all j. Let X(p) be the p- index set for L — F 
and X(< p) be the set of points of index at most p . Then on X(p) we have 
(-l) p (u> - T k ) n < (-l)fai • • • a„< iC . Now 

A (T fc + = (^)<" P A («*, c - (a; - W = - a)< c , 

where <J P (1 — a) is the p-th elementary symmetric function in 

1 — a\, . . . , 1 — a n . However, since ay < 1 for 1 < j < n, it follows that on 
X(p) we have 

ct p (1 - a) > (1 - at) ■ ■ ■ (1 - Op) > (-l) p ai ■ • • a p . 

Furthermore one can easly prove by induction on n ([DcmOO ) that 

v 

^(-1)p-V p (1 -a)< xx(< p) (-l) p «i • • • «n, 

3=0 

where Xx(<p) is the characteristic function of the set X(< p). 
Now we want to estimate J*w <s ) (— — T k ) n . 



(-1)>-T fe ) n = / (-1)>-T fc )"+ / (-1)>-T fc ) n . 

x(<s) Jx{<s)nn k co Jx{<s)nni 

(23) 
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Estimate of f (-l) s (w-T fc ) n 



We get 

/ (-i)>-r,r< / jWi-ir^'A^+^y, 

Jx(< s )na kiC0 Jx(< s )nn ktC0 j=0 \J J 

(24) 

Set S k := Xn ktC0 wl J o A (T k + u fc , Co p then 

<Sfc XE C0 (T mm )"(u + Co")™" 3 A (T m in + cqu) 1 (25) 

where E CQ (T m i n ) c is the complementary set of E Co (T m i n ). 

Now for j = 0, . . . s - 1, since cod(£J Co (T mi „)) = s and T^ m = (T^ in ) by 

Proposition (jl.lll) . then 

/ XE CQ {T min y{u + Cou)"^ 3 A (T min + Cqu) 3 = 
J X 

For j = a, by Theorem pDJ one has T min = (T min ) + £ t =! 1/(2^, Y t )[Y t ], 
where Yj are the irreducible components of codimension s in E nn (T m i n ) . Then 
we obtain the same identity for j = s as in (I26[) . So first letting fc — > +00 and 
then Co — >• and using the continuity of mobile-product the following holds 

limsup / V ( U ) (-ly-^-J A (T k + v k;C y < 

fe^+oo Jx(<s)nn k . -_ n \J/ 



3=0 



For the second addendum in (j23|) . we intersect with f2fe )C1 thus 



2( i J(-l)*" J 'i n ~ i <^'> ( 27 ) 



/ (-1)>-T fc ) n = 

Jx(< s )nn| co 

(-!)>- 7|,)"+ 



x(< s )nn^ o nfi tjC1 

(-1)>-T fc )". (28) 



Then for the first addendum in (|2"8)l , letting k — s- +00 and Ci — > 1^, we get 

, Mi 

limsup / (-1)> -T fe ) n < ^(I + ^M)"- s z/ t [F t ] 
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where the sum is over all Y t C E nn (F) irreducible components of codimension 
s such that v(T min , Y t ) = v x . Now it is clear how to study the second 
addendum in (f^5|) . one can intersect with £lk,c 2 - Then in general we have the 
following situation: 

hmsup / (-1)>-T fc ) n < Y] (L + v' t {u}) n - s v t \Yt] 

fe^+oo Jx(<s)n(niZ^% iCi )nn k , Cj i=M ._ i 

(29) 

where for all j = 2, . . . , ft,, Yj C E nn (F) are the irreducible components of 
codimension s with v{T m i n , Y t ) = v- for My_i <t< Mj. 
While one has that 



L 



(-l)'(u-T k ) n < / (-1)>-T fe )" ^±^ 

/X(< s )n(n"i^l c ) «(< s )nsi t ,„ 

(30) 

for dimensional reasons. 

Then putting togheter the inequalities of (f2l?|). we finally have 

hmsup / (-iy(uj-T k r < J2 ( n )(-iy- j L n - j (Fi)+J2 ( n )(L+v' t {u}y 

fe^+oc Jx(< s ) ^ \jJ jr[ W 

(31) 

And using now the standard holomorphic Morse inequalities the statement 
holds. 

If F is not in the interior of Ai s and L is not ample, we consider F + eA, 
L + eA and then pass to the limit by using the very definition of multicity 
fDcfinition ll,16p . □ 

Corollary 2.5 (Second formulation) Let X be a compact projective 
manifold of complex dimension n. Let L and F be two line bundles over X 
with L nef and F € A4 S with dmi(E nn (F)) = n — s. Then we have the 
following Morse inequalities 



J2(-l) 3 - j h j (X,KL-F))< 



n\ * — ' \ ? 

3=0 VJ 



{L + b{u}) n - s (F s ~ (F s ))+o{k n ) (32) 



where b — max iv„- . 

j=l,...,N 3 



Proof. It is sufficient to notice that b > Uj for all j = 1 , • • • ,N and 



F s - (F s ) = J2"=i Vj[Yj], then one can applies Theorem (|2Ti| . □ 

Finally, by using remark fOl we can infer that Theorem (j2.3[) is a particular 
case of Theorem (|2.4p . 
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3 Transformation of Lelong numbers by Direct 
Images 



3.1 The push-forward of Lelong numbers by a 
modification 

We want to prove the following: 

Proposition 3.1 Let X be a complex compact manifold with 
dimc(^f) = 3. Let fi : X — > X be a modification of X and CI is a smooth, 
positive form on X of bidimension 1. Then i/(^t*(0), Y) = VI" irreducible 
curve on X , where v is the generic Lelong number. 

Since a modification can be decomposed as a finite sequence of blow-ups with 
smooth centers, we can write fi as follows: 

fi : X := X s -> X s _! -> ► X 1 -> X a = X. (33) 

with Vi = 1, . . . , s Zi, Ei C Xi are the smooth centers and the exceptional 
divisors of the z-th blow-up respectively. 

Let y £ Y be a generic point, without loose of generality one can suppose that 
y is the origin for a local chart with coordinates z = (z\, z%, 23). One has the 
following: 

i/(M*(f2),0) = \\m\ [ A ^dd\z\ 2 = 

r->0 r 2 J B (0,r) 2tt 

= lim 4 / CI A ft* ( — dd\z\ 2 ) . 

r-K) r 2 J A -i( B (o, r )) V 27r / 

Let's note that the integrand in the last equality is smooth so one wants to 
estimate the volume of fi^ 1 (B(0 1 r)) and to compare with the parameter r 2 . 
Using the fact that fi can be decomposed as a finite sequence of blow-ups, 
/i _1 (_B(0, r)) can be expressed explicitly by a local expression of the 
composition of these blow-ups. Thus, one can associate to this local expression 
a ps/i-function ip such that the volume of /i _1 (-B(0, r)) can be studied in 
therms of asymptotic estimates for the volume of sublevel sets {ip < log r}. 
Explicitly, let B(0, r) — {\zi\ 2 + | ^2 1 2 + 1^3 1 2 < »'} be the local expression on X 
with coordinates (z\, z 2 , z 3 ), so fj,^ 1 (B(0, r)) = {\hi\ 2 + \h 2 \ 2 + \h 3 \ 2 < r} 
where hi := hi(£i, £2, Z3) are holomorphic functions on X and (£1, 22,23) are 
local coordinates on X. 

1 3 

Then one defines ip = 2^ S^ I^i| 2 j so tnat fi~ 1 (B(0,r)) — {ip < log r}. 

»=i 

Let us give the following 

Definition 3.2 ([DK01]) Let K C X be a compact set, U <g X a relatively 
compact neighborhood of K and let 9jj be the Lebesgue measure on U 
associated with some choice of hermitian metric lu on X . 
Then the log- canonical threshold of p is defined as: 

Ck{<P>) '■= sup {c > : r~ 2c 9(j({p < log r}) is bounded as r — > for U D K}. 
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3.1 The push- forward of Lelong numbers by a modification 



Now the crucial fact is that each hi can be expressed as a sum of a 
holomorphic monomial in the Zi and another holomorphic function, so that 
looking at fi(zi, z 2 , z 3 ) = {h\(z\, z 2 , z 3 ), h 2 (£i, z 2 , z 3 ), h 3 (£i, z 2 , z 3 )) as an ideal 
"almost" monomial, one can calculate crt(^) using Howald's theorem |How01j . 

Remark 3.3 One may assume that for all i the centers Zi are connected by 
considering a longer sequence of blow-ups if necessary. 

Remark 3.4 IfY is not entirely contained in Zq then the statement is trivial. 
In fact let's suppose Y PI Zq = {ai, . . . , a^} is a finite set of points or possibly 
the empty set, let fj,i o • • • o fj, s : X s — > X s -\ — > ■ ■ ■ X\ — > Xq be a finite sequence 
of blow-ups, let Q be a smooth positive form of bidimension 1 on X s , and let 
E\ be the exceptional divisor of [ii then /j,i(Xi \ E\) = Xq \ ji\{Ei) = Xq \ Zq 
and /^i|xi\£;i : Xi \ E\ — >• Xq \ Zq is an isomorphism. Thus 

Y) = f((/i2 o • • ■ o /is)*^, /j,^ 1 (Y)), and now if n^iY) is not entirely 
contained in Z\, the center of fi 2 , one can omit /i 2 in the calculation of v and 
so on. So we may assume Y = Zq. 

Let fh = fii o • ■ • o /j, s be a finite sequence of blow-ups with smooth connected 
centers Zi for = 1, . . . , s — 1 ( Zq is given by (|3.4[) ). Let's define 
Exc(fj,i o • ■ • o ^j) :— Lft =1 (/ij o • • • o then the centers can just 

satisfy one of these conditions: 

a) Zi is a point and Zi £ Exc{\i\ o • ■ • o ^), 

b) Zi is a point and Zi ^ Exc(p\ o • • • o /^j), 

c) Zi is a curve such that Zi n Exc(fi\ o • • • o fii) = 0, 

d) Zi is a curve such that Zi n Exc([ii o • ■ • o fii) is a finite set of points, 

e) Zi is a curve such that Zi C Exc(p>\ o ■ • • o /i^) entirely. 
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3.1 The push- forward of Lelong numbers by a modification 



Then one can associate to this sequence a rooted tree T, where the root is the 
vertex X and the edges fif , [if , \x\ denote the i-th blow-up (for i > 2) 

where the centers Zi satisfy respectively a),b),c),d),e). 




Since we are interested in calculating Z ), where jl = [i\ o ■ ■ • o /j, s is a 

finite sequence of blow-ups with smooth centers, we want to understand which 
path of the tree T represents the more general sequence according to the 
following 

Definition 3.5 The sequence of blow-ups jui o • • • o /j, is called minimal if 
there does not exist another sequence fi 1 o • • • o /i s such that 
v((fj,i o • • • o /i s )»(51), Zq) = v((pi o • • • o /x s )„,(Q), Zq) where there exists an i for 
which Hi is a local biholomorphism. 

Thus we want to understand which path of the tree doesn't have this property 
because it reflects the general sequence of s blow-ups. The following lemma 
shows that if Zi satisfies one of conditions a),b),c),d) then the corresponding 
path is not minimal. 

Lemma 3.6 Let T be the rooted tree associated to a finite sequence of 
blow-ups. The following path 



Jl,J 2 ,-,Ja 



Mi 71 ° a4 2 ° ■ 



o [i J s B where Ji , . . . , J s £ { a, b, c, d} 



is not minimal. 



Proof. Second blow-up. Let fi — \i\ o ^ 2 ° M3 ° ' ' ' ° Ms be a sequence of s 
blow-ups such that J 6 {a, 6, c, d}. 
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3.1 The push- forward of Lelong numbers by a modification 



Case J— a. Let po £ Zq such that fi 1 (po) 3 Z\ then for all p ^ po with p £ Zq 
there exists r > small enough with Zi ^ 1 (B(p,r)). Then near p 

/i 2 : tffa^Bfar))) ^^(Bfar)) (34) 

is an isomorphism. Now if we consider jl = fix o /i 2 o /i 3 o • • • o fi s with /i 2 any 
isomorphism, as above we have that z/(/i*f2, Zq) = v(jl^Q,, Zq). 
Case J=b. The argument above is still valid. 

Case J—c For all points p G Zq one can find an r > sufficiently small such 
that still holds, then one can repeat the argument of case J = a. 

Case J=d . Let {ax, . . . , dfc} = Z\ f~l E\ = Exc(fix) be a finite set of points. 
For all p £ Zq such that p ^ /ii(ai) for all i = 1, . . . fc one can find again an 
r > small enough such that ai ^ 1 {B{p, r)) Vi = 1, . . . , k. Repeating the 
argument as before one can find another sequence of s — 1 blow-ups jl such 
that v(fl*Cl : Zo) = v(jl^Cl, Zq). 

Third blow-up. Now let's suppose jl = /if /i 2 ° ° ' ' ' ° Ms with 

J G {a,b,c,d} and we may assume that \i\ : Z\ — > Zq is surjective. 

Case J—a,b. Let p be a point of Zq such that {fix o /i 2 ) (^2) = P then for all 

p ^ p and p £ Zq we can find a small enough r > such that 

^^(l^oMr^CpV))) ^M 2 _1 °Mr 1 (S(p,r)). (35) 

Then for any isomorphism /i3 as above one can change the sequence jl with 
/i = /if o o /i 3 o • • • o /j, s and we have v(jii,(l, Zq) = v(jljtL, Zq). 
Case J—c . The argument above is still valid. 

Case J=d . Let {ai, • • • , a^} = H Exc(p,\ o /i 2 ) be a finite set of points in 
X$, then there exist px,-- ■ ,Pk G Z such that (/if o /i 2 )(ai) = pj. Then for all 
p £ Zo with p ^pil<z<fcwe can find r > sufficiently small so that (l3"5j) 
is again true. Therefore one finds a sequence of s — 1 blow-ups as in the cases 
above. 

Now it's clear how to study the general case. 

i-th blow-up. Let jl = /if o • ■ • o /t|_ 1 o fif o /t i+1 o ■ • • o /i s be a finite sequence 
of blow-ups with J G {a,b,c,d}. 

Case J— a . Let Zi be the center of /ij+i with C Exc(jj,f o • ■ • o /i?_^ o /i?). 
and let (/if o • • • o /if_j o /i")(Zj) — p. Thus for all p ^ p in .Zo we can find a 
small positive r such that the following hold 

. 1) (^o...o^)- 1 (B(p',r))nZ J =0 

• 2) fii+i : /i^ ((/if o • ■ • o fif_ t o ^-^(pV)) ^> 

(/if o..-o^|_ i o^)- 1 £f(p',r)- 

So /i = /if o • • ■ /i?_ x o /i? o /i i+1 o • • • fig, where /i i+1 is an isomorphism, satisfies 
v(flM,Z ) = v(jl'*£l,Zo) . 

Case J=b . As in the case J=a 1) and 2) are still valid, but now they are valid 
for all p £ Zq. 

Case J—c . Again as in the case J=a,b we can find an r > sufficiently small 
such that for all p £ Zq 1) and 2) are still valid and then the statement holds. 
Case J=d . Zi D Exc(fi\ o ■ • • o fj%_. o fif) = {ax, . . . , at}, where <2j are points of 
Z^. Now there exist px,...,Pk £ Zq such that (/if o • ■ • o o fif)(oLi)pi. So we 
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can find r > small so that for p ^ pi 1 < i < k such that 

a, £ (ii\o ■ ■ ■ o iil_ i0 $)- l B(p,r), 

so we can repeat the same reasoning as in the previous cases. □ 
According to Lemma (|3.6p it remains to analyze just the path of the tree T 
corresponding to a sequence of blow-ups fj, = fj,f o ■ ■ - o o [i* where for all 
i = 1, . . . , s — 1 Zi C Exc{ji\ ° • • • ° /if ) and fj,f : Z% —> Zq is surjective. Now 
let's distinguish two possible cases: 

1) Z t C Ex~c(pl o • • • o nl) := £xc(/^ o---o^)\E t ; 2) Z, C E l entirely. (36) 

Notations 3.7 We write 

/} e = /i^ 1 o /i^ 2 • • • o (37) 

with i\, . . . , i s G {1,2}, where 1, 2 correspond to the two conditions of \36\) for 
the center of the following blow-up. (For example fi^ 1 means that the center of 
the j + 1-th blow-up satisfies condition 1 of &36}) . ) 

Let's note that for the first blow-up it is not necessary to indicate which 
condition of ([31>| Z\ satisfies thanks to Lemma l3"i)l and to the following remark. 

Remark 3.8 // Zi C Ei for some i = 1, . . . , s — 1. Since 

Aii|_E; : Ei — > Zi-i 

is a holomorphic fiber bundle isomorphic to the projectivized normal bundle 
1 P(Nz i _ 1 ) — > Zi—\. We can suppose that fJ-i\zi '■ Zi — > Zi-i is surjective. 

Now let's fix some notations. Since everything is local, without loose of 
generality, one can suppose that Zq = {xq = yo = 0} where (xq, yo, zq) are 
local coordinates on Xq = X . 

Remark 3.9 Let Y be a n-dimensional smooth variety and B a closed smooth 
subvariety with codimy{B) = t and a : Y — > Y the blow-up ofY with center B. 
For every point bo G B there exists local coordinates (ui, . . . , u n ) on Y centered 
at bo such that B = {u\ = ■ ■ ■ = Ut = 0} and local coordinates (vj\, . . . , ui n ) on 
Y such that the map a is given by: 

a(wx,. . . ,w n ) = (wiWj,. . . , Wj-iWj;Wj-,Wj + xWj, . . . , w t Wj,w t +i, ■ ■ ■ ,w n ) (38) 

Vj = !,...,*. 
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Lemma 3.10 If the first condition of i36}) is satisfied for some i with 
1 < i < s the fi is not minimal. 



Proof. Let's consider the z-th blow-up fa = Xi —> by using (|3.9[) we see 

that there exists local coordinates (xi,yi,Zi) on Xi such that 



[Xi i Vi-Ei 3 %i) 
(.Xiyi, Vi} Zi) 



where we used the same coordinates on two different charts to keep notations 
simple. By Lemma (I3.6[) one has that Zi C Exc{fa\ o • ■ • o fif). Now let us 
distinguish the following two cases: 

1. Zi C Ei entirely, 

2. Zi C Exc{fa\ o • • ■ o /x?) entirely. 

Case L Repeating the argument of (|3.8p we get that 

Zi = {xi = = /^(yi, Zi)} or Z. t = {y t = = Zj)} 

depending on which chart we are considering where fi,gi are holomorphic 
functions. By surjectivity of the map fa : Zi — > we deduce that on the 
generic point of Zi 

9fi , „ % 
— ^ or 7^-/0 

then by implicit function theorem there exist holomorphic functions Fi, Gi 
such that 

Zi = {xi = 0,yi = Fzi)} or Z { = {y t = 0,x. t = Gifa)}. 

Now considering the following holomorphic changes of coordinates on the two 
different charts of fa 

Ui = Xi { Ui = Xi — Gi(zi) 

Vi=y i -F i {z i ) or I V, = Vl (39) 
Wi = Zi { Wi = Zi 

where we have still used the same coordinates on the two different charts. So 
the equation of Zi by (|3T)]) becomes Zi = {Ui = Vi = 0}. Now we can use (I3.9[) 
blowing-up along Zi and repeating the same operations as above. 

Case 2. Let i £ {1, . . . , s — l}be the first index such that Zi Ei entirely, i.e. 
Zi n Ei is a finite set of points. Hence for all j < i Zj C Ej entirely. Now to 
keep notations simple we denote by Ej for j < i the pre-image of Ej \ Zj in Xi 

i-l 

by {[ij o ■ ■ ■ o fa)- then Zi C (I Ej. Since Zi is connected then we can suppose 

j i 

that Zi C Ej entirely for some 1 < jo < i — 1. The expression in local 
coordinates of fa is given by 



fa {x% iVi-i^i) 



{,Xi , yiXi , Zi) 
(Xiyi , i/j, Zi) 
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where (xi,yi,Zi) depends on (£/j_i, Wi_i) on But now £?j ^ 

entirely means that (/ij +i o • • • o /Ji)|z i \{ Pl! .... PA .} is an isomorphism and 
furthermore (fij +i o • • • o /j,i)(Zi \ {pi, . . . C £^- entirely thus in local 

coordinates (a; j , j/j , Zj ) on Xj g we have that 

,. It „ , \ — J rio ' Vjo x jo ; z jo) 

r*3o V Jo ' £*Jo ' Jo / i ,,. , \ 

L v^jo wjo ' yjo ' ^jo J 

and (/ij +i o • • ■ o fii)(Zi) is equal to 

{x jo = = fi (y jo , z jo ) } or {y jo = = g t (x jo , z jo )}. (40) 

So performing the (i + l)-blow-up along Zi on or along 

(pj 0+ i o ■ ■ ■ o fj,i)(Zi) on Xj it is essentially equivalent. By remark (I3.8|) it is 

not restrictive to suppose that 

Mj'olOio+io-cwXzo : (Mjo+i ° ••■ ° Hi)(Zi) -» Z jo ^x 
and this means that in the local expressions (|40| one can suppose that 



9 ft , „ % 

7^ or — 7^ 




%o 5:r Jo 

depending which local chart we are considering. 

So we can define new coordinates on Xj using (I39[) . Namely: 

Ui = Xj - Gi (z jo ) 
Fi(z jo ) or <( Vi = y jo (41) 

Wi = Z JO 

for which (nj„+i o • • • o = {L/j = K: = 0} and we can now perform the 

(i + l)-blow-up. The relation with the coordinates system (Uj , Vj , Wj ) on 
Xj is straightforward by using: 

kjo = x jo f Uj = Xj — Gj (zj a ) 

Vj = yjo - F h( z j ) or s Vj = vjo 
w jo = z jo { w jo = z jo . 

Then the expression in local coordinates of the composition (fij o • • ■ o jt/j+i) is 
the following: 

(xi+i, x i+ i(xi + iy i+ iFi(zi + i)), z i+ i) 

( P]o o . • . o = { ^i+m+i^i+iyi+iiyi+i + KM), (42) 

' ((Xj+i + Gi{Zi + x))x i+ iyi + i,x i+ iyi + i,z i+ i) 
((xi+m+i + Gi(z i+1 ))y i+1 ,y i+1 , z i+1 ) 

Let's observe that in the Case 2 we can disreguard the intersection of Zi with 
Ei since it has dimension zero and it has no effect on the generic Lelong 
number. □ 

3.2 Estimate for ck(<^) 

Let's now compute the log-canonical threshold of the ideals rising from 

£b = fi\ o ■ ■ ■ o fx s a composition of s blow-ups. By the previous section without 
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loss of generality one can suppose that each center Z^ is entirely contained in 
the exceptional divisor Ei , since we have already notice f Case 2 ) that the 
expression of the composition of blow-ups is equivalent to a composition of 
blow-ups in which each center Zi is entirely contained in Ei. 

Proposition 3.11 Let ft = fi\ o ■ • • o fis : X — > X be a finite sequence of 
blow-ups with smooth centers Zi such that dimc(^i) = 1 and Zi is entirely 
contained in the exceptional divisor of fa and it's surjective Vi = 1, . . . , s. 
Then considering the ideal generated by all possible 2 k expressions of ft in local 
coordinates, one can reduce them to ideals of the forms 

I — {Xgl/l, z s ) with h,k > with max(h, k) > 0. 

Proof. Finite induction on s. 

Case s=l. ft = fix : X\ — > Xq, there exist local coordinates (xo,yo,zo) on Xq 
such that Zq = {xq = yo = 0}, by (|3.9[) the expressions of (Xi in local 
coordinates are: 

fii(xi,yi,zi) = (x!,xiyi,zi) and fii(xi,yi,Zi) = (xiyi,yi,Zi) 

so one has that 

(xi,xiyi,zi) = (xi,zi) and (xiyi,yi,Zi) = (yi,Zi). 

Case s=2. ft = fii o /i 2 : X2 — ^> X\ Xq. 

Let Zq — {xq = yo = 0} be the center of /Uj then there exists local coordinates 
on X\ such that 

fii(xi,yi,zi) = {xi,xiyi,zi) and H\{x\,y\,Z\) = (xiyi,yx,Zi) 

Let's consider first the expression ^ii(afi, yt, z\) — (xi, xiyt, zi); by ([55)) let 
Z\ = {xi = = /i(yi, zi)} = {xi = 0, y\ = F 1 (z 1 )} be the center of /Z2. So 
that Z\ = {Ui = V\ = 0}. Then there exist local coordinates on X2 such that: 

^2(2:2, 2/2, z 2 ) = (x 2 ,x 2 y2,z 2 ) and [i 2 (x 2 ,y 2 ,z 2 ) = (x 2 y 2l y 2l z 2 ), 

repeating the argument used in the case of (ii(xi, yi, 21) = (x\yi, y%, Zi), the 
following holds: 

1. (/ii o fi 2 )(x 2 ,y 2 ,z 2 ) = (x 2 ,x 2 {x 2 y 2 + F 1 {z 2 )), z 2 ) 

2. (fii o fi 2 ){x 2 ,y 2l z 2 ) = {x 2 y 2 ,x 2 y 2 (y 2 + Fi(z 2 )),z 2 ) 

3. (fix ° fi2){x 2 ,y 2 ,z 2 ) = ((x 2 + Gx(z 2 ))x 2 y 2l x 2 y 2l z 2 ) 

4. (fix o fi 2 ){x 2 ,y 2 ,z 2 ) = {{x 2 y 2 + Gx(z 2 ))y 2 ,y 2 , z 2 ). 

Considering the simmetry of these expressions, it's enough to analyze 1) and 
2), thus these local expressions can be reduced to the ideals respectively: 

(x 2 ,z 2 ) and (x 2 y 2l z 2 ). 

Case s=3. One would have to consider the 2 3 possible expressions in local 
coordinates but by simmetry it's enough to study four of them, in particular: 
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a = (x 3 ,x 3 ((x 3 y 3 + F 2 {z 3 ))x 3 + Fi(z 3 )),z 3 ) 

b = (x 3 y 3 ,x 3 y 3 ((y 3 + F 2 (z 3 ))x 3 y 3 + Fi(z 3 )), z 3 ) 

c = {x 3 y 3 {x 3 + G 2 (z 3 )),x 3 y 3 {x 3 + G 2 (z 3 ))(x 3 y 3 + Fi(z 3 )),z 3 ) 

5 = (2/3 (2/323 + G 2 (z 3 )),y 3 (y 3 x 3 + G 2 (z 3 ))(y 3 + F 1 (z 3 )),z 3 ). 

The ideals a and b can be reduced in the desired form, i.e.: 
a = (x 3 , z 3 ) and b = (x 3 y 3 , z 3 ). 

While for the last two ideals one obtains: 

c = {x 3 y 3 {x 3 + G 2 (z 3 )),z 3 ) = (xjy 3 + x 3 y 3 G 2 (z 3 ), z 3 ) 
5 = (2/3 (2/3 x 3 + G 2 (z 3 )), z 3 ) = {ylx 3 + y 3 G 2 (z 3 ),z 3 ). 

Let's study c, in particular notice that H 3 (x 3 , y 3 , z 3 ) := x 3 y 3 G 2 (z 3 )z 3 is an 
holomorphic function which is an element of (z 3 ) where £1*2(0) ^ (here we are 
using the fact that fi 2 : Z 2 -» Z\ and G 2 (0) = 0). Thus 

x lvs = x lv3 + x 3 y 3 G 2 {z 3 ) - H 3 (x 3 ,y 3 ,z 3 ), 

so c = (xly 3 ,z 3 ). 

Repeating the same argument for the case of c) one obtains D = (y 3 x 3 , z 3 ). 
Now let's suppose the statement true for all j = 1, . . . , s — 1. Let 
ft = ji\ o ■ ■ ■ o fig be a composition of s blow-ups, then /i s has two possible 
expressions in local coordinates (x s , y s , z s ) which depend on the coordinates on 
X s -i, but by induction the local expression of fii o • • • o (tx s _i is of the form 
{xl_iy J s _ 1 , z s -\) so composing with local expressions of fi s one obtains the 
statement. □ 

Now let's recall Howald's theorem [HowOlj for multiplier ideals of monomial 
ideals. 

Definition 3.12 Let a C C[xi, . . . , x n ] be a monomial ideal. We will regard a 
as a subset of the lattice L = N" of monomials. The Newton Polygon P of a 

is the convex hull of this subset of L, considered as a subset of L ® R = M™. It 
is an unbounded region. 

Notations 3.13 We write 1 for the vector (1,1,..., 1), which is identified 
with the monomial x\x 2 ■ ■ ■ x n . We use Greek letters (A G L) for elements of L 
or L (%>M., and exponent notation x x for the associated monomial. For any 
subset P of L eg) R, we define rP "pointwise " 

rP = {r\ : A 6 P}. 

We write Int(P) for the topoogical interior of P. 

Theorem 3.14 QHowOl]) (Howald's theorem.) Let a C Oa™ be a monomial 
ideal. Let P be its Newton polygon. Then J(r ■ a) is a monomial ideal, and 
contains exactly the following monomials: 

J(r-a) = {x x : A + 1 G Int(P) n L). 

where J(r ■ a) is the multiplier ideal associated to r and a (Cfr. \LazOJ$ ). 
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Let a be a monomial ideal and let P be its Newton polygon. The log canonical 
threshold c(a) of a is defined to be 

c(a)=sup{r : J(r • a) ? O x }- (43) 

Howald's theorem shows that this must be equal to sup{r : 1 ^ rP}. Thus 
the log canonical threshold is the reciprocal of the (unique) number m such 
that the boundary of P intersects the diagonal in R" at the point ml. In 
other words, in order to calculate the threshold, we need only find where P 
intersects the diagonal. 

Proposition 3.15 ([DK01]) Let X, Y be complex manifolds of respective 
dimension n, m, let X C Ox , J C Oy be coherent ideals, and let K C X , 
L C Y be compact set. Put I© J := pr\I + pr^J C OxxY- Then 

ckxl(I © J) = c K (l) + c L (J). 

Proposition 3.16 Let I — (x h y k ,z) be an ideal as i3.11\) then c{X) > 1. 

Proof. Using Howald's theorem and (I3.15[) 

c K {l) = c K {x h y k ) + c K (z) = ^ + 1 > 1. (44) 

□ 



3.3 Proof of Proposition (13TB 

Now we can give the proof for the main proposition 

Proof of {OP- B y (|3~TT1) and (j3~T5|) one can define <p := log(|a£j/*| + \z s \) thus 
Ck{w) = Ck((XsVs, z s )) > 1. Then by (|3.16p and by the definition of Lelong 
number the following holds: 

v((lJn),Q) = lim 4 / n A/? ( ^dd\z\ 2 ) < \imC 1 r 2(cK ^- 1) = 0, 

where C\ is a positive constant. □ 
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3.4 Relation between mobile intersection and positive 
product in dimension 3 

By using Proposition (13.11) we obtain a similar decomposition as in Theorem 
(|1.20[) . using the definition of mobile product via modifications. In fact we 
have the following 

Proposition 3.17 Let X be a compact K'ahler manifold of complex dimension 
3 and let ax, a 2 6 M 2 then 



otia 2 — (aia 2 ) 



where Voo,t > and Y t are the irreducible components of codimension 2 of 
U? =1 E nn (ai). 

Proof. For i = 1, 2 Let T ki i e a, be a sequence of currents with analytic 
singularities as in the Theorem such that Tk.i > ~e k ,ii-o and — v T m i n ^ 
where T m i n ^ is a positive current with analytic singularities in on. Now let 
/ik '■ Xk -^Xbea common modification for T k j such that 
/^fcTfc.i ~ [Ek.i] + Pk,i, where p k ,i are smooth. Now we have that 

T k ,i A T fe , 2 - (/ifc).(/9 fc> i A /3 fe , 2 ) =0onl\ (U? = i V(X{k<p min ,i)) 

thus by using the support theorem for currents and the inclusion 

Uf =1 V (X(kip min ,i)) C uf =1 E nn (ai) we obtain 

+ 00 

T k ,i A T fc ,2 - (/x fc )*(/3fc,i A /3 fe , 2 ) = Vk,t[ Y k,t] (45) 

t—i 

where Y k j are the irreducible components of E nn (ct\) U E nn {ct2) and v k ,t € R- 
Now let i/^" t and zaT 4 be the positive and the negative coefficients in the series 
of (|45|) . thus we have 

T fc ,i A T fe , 2 + ^(-^f)^,*] = (/*k)*03*,l A M + J] ( 46 ) 



If there exists to such that ^ fe t < i.e. — v k t > then by calculating the 
generic Lelong number along Yk t t , using equality (14^1) . we find 

u(T kt i /\T k ,2,Y k ,t ) - v k>to = v((Hk)*(/3k,i A /3fe >2 ),Yfe,to) +° 

and thanks to Proposition (|3.1|1 v((fJ,h)*(fik,i A /3fe, 2 ), ifc,t ) = then we have 
^(71-,i A Tk.2,Y k .t ) = v ut < 0, a contradiction. Hence we have that 
v k,t = v(T k> i AT kt 2,Y ktt ) for all t. By using Lemma (11.9[) the sequence {ffe,t} is 
bounded, and T k; x A Tfe )2 are bounded in mass since they are in the same 
cohomology class for all k, while {{nk)*{flk,i A /3fc, 2 )} are bounded in mass 
thanks to Theorem (| 1 .€>[) . Hence we can extract a common subsequence such 
that passing in cohomology we obtain the statement. □ 
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And as a consequence we have 

Corollary 3.18 Assume dim(X) — 3 and a,/3 € M 2 . Let T m i ni(x ,T m i ni fj be 
positive closed currents with minimal singularities in a and j3 respectively. 
Then for all x G X one has 

lim i/(T k>a A T fc)J g, x) = v(T min:Cl A 

), (47) 

k— >+oo 

where {Tfe jQ } and {Ifc^} are sequences of currents as in Theorem M.l\) which 
weakly converge to T m i n ^ a and T m i n ^ respectively. 

Proof. By using Theorem (II .20)) we get the following decomposition, i.e. the 
Siu decomposition of T m j„ )a A T m i n ^: 

N 
/i=l 

On the other hand by Proposition (|3.17[) we also have the following 
decomposition 

N 

T k ,i AT fc , 2 - ( W )*(A,iAA, 2 ) =^V(T M A r fc , 2 , y h )[y h ] (49) 

h=l 

where in both decompositions Yh are the irreducible components of dimension 
1 of £„„ (a) n £„„(/?). 

Then by choosing a common subsequence we obtain by uniform bound of mass 
and by Proposition (|1.14[) that 

p{Tk,i A Tk,2,Y htk ) -> Voch < v(T m in,a A T min ^, Y h ). Hence we have positive 
current 

N 

S T m i n a A T m ^ n ^ (T 7n i nja A Tmin,p) ^ ^ ^oo,/i[yi] (^^) 

h=l 

whose cohomology class is the class zero therefore S = then the statement 
holds. 

We can also conclude that 

(A t fe)*(/?fe,i A /3fc,2) — v (T m in,u A T m i n> p). (51) 

□ 
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